Abstract. We compute the Euler characteristic with compact supports χc of the formal barycenter spaces with weights of a finite CW complex, connected or not. This reduces to the topological Euler characteristic χ when the weights of the singular points are less than one. As foresighted by A. Malchiodi, our formula is related to the Leray-Schauder degree for mean field equations on a compact Riemann surface obtained by Chen and Lin.
Statement of the Main Result
Let X be a finite CW complex. We will write B k (X) for the space of formal barycenters of k points in X [9] . By construction there are inclusions B k (X) ֒→ B k+1 (X) for all k and we will write B(X) the direct limit. This is known to be a contractible space.
Let Q r := {y 1 , . . . , y r } ⊂ X be a fixed finite set of "singular points" in X. We assign to every x ∈ X a weight w(x) = 1, x ∈ Q r w i , x = y i where w i > 0. Let ρ be any positive number and define the set (1) ρ B Qr (X) = t i x i ∈ B(X) | i w(x i ) ≤ ρ This is topologized as a subspace of B(X). If w i = 1 for all i, the singular points are "invisible" and ρ B Qr (X) = B [ρ] (X), where [ρ] is the greatest integer less or equal to ρ. These formal barycenter spaces with weights play a significant role in geometric analysis, particularly in the study of Liouville equations on compact Riemann surfaces [3, 4] .
When X is connected, and there are no singular weights so that Q r = ∅, the Euler characteristic of the barycenter spaces has been computed in [9] (2)
We check in §5 that the same formula is still valid for disconnected spaces.
The main contribution of this paper is to compute χ c ( ρ B Qr (X)) for compact, not necessarily connected X, where χ c is the Euler characteristic with compact supports. In the case w i ∈]0, 1[, χ c coincides with the topological Euler characteristic.
Denote by P({1, . . . , r}) the power set of all subsets of {1, . . . , r} (including the empty set). Let [−] be the greatest integer function (or floor function). If ρ B Qr (X) is a compact space, which happens when w i ≤ 1 for all i, then χ c and χ coincide.
In the formula above, the term [ρ] − χ + r −χ + r is the contribution of ∅ ∈ P({1, . . . , r}). In other words, if for I = {i 1 , . . . , i k } ⊂ {1, . . . , r}, we set w I = k j=1 w ij , with the convention that when I = ∅, w I = 0 and the cardinality |I| = 0; then our formula takes the more succinct form We can check this formula against special cases. Write ρ = n + ǫ, 0 ≤ ǫ < 1.
This is consistent with the Euler characteristic computation since when w 1 < 1, the weighted barycenter space is compact if X is compact, χ c = χ and so χ c = 1 in the contractible case. When ǫ < w 1 < 1,
which is indeed χB [ρ] (X) as indicated in (2) Example 1.3. When r = 2 the sum is over ∅, {1}, {2} and {1, 2}, so that
Here too, the various homotopy types for ρ B Q2 (X) can be described (see section 6).
Remark 1.4. In order to check the validity of this formula, there are two fundamental properties that must be satisfied:
(1) Under the condition 1 ≤ w k ≤ ρ < w k+1 ≤ · · · ≤ w r we must have
This identity is already true at the level of spaces; i.e. ρ B Qr (X) = ρ B Q k (X − Q r−k ) under the stated condition. In particular, if ρ < w i , ∀i, then
The second fundamental property is that if w i1 = · · · = w i k = 1, then the points p i1 , . . . , p i k are not singular anymore and ρ B Qr (X) = ρ B Q r−k (X), so that
This is also verified by our formula.
Remark 1.5. Going back to Example 1.2, notice that when ρ < w 1 , ρ B Q1 (X) = B [ρ] (X − {p}) and
When X is an even dimensional manifold, χ(X − {p}) = χ − 1 so that χ(B n (X − {p}) = 1 −
according to the formula (2) . In this case, χ cρ B Q1 (X) = χ ρ B Q1 (X). We conjecture that this is always true: the Euler characteristic with compact support and the topological Euler characteristic coincide for ρ B Qr (X) whenever X is even dimensional manifold.
The formula in Theorem 1.1 is intimately related to the Chen-Lin degree d ρ [5] . Corollary 1.6. Let X and Q r as in Theorem 1.1 Consider the Chen-Lin generating series
and write it in powers of x as in
Proof. One can give the proof right away and it is combinatorial. We have the expression
based on the identity
This implies that
and let i be the smallest integer
In the series g(x), the terms contributed by this sequence come from the exponents
The total contribution to the degree is the sum of the coefficients for these exponents, that is (−1)
and this is equal according to (3) to
Adding this up for all sequences i 1 ≤ i 2 ≤ · · · ≤ i k with the property that
Notation: Throughout this note we make the assumption that B 0 (X) = ∅ and that X * ∅ = X.
Acknowledgement: This paper answers a question of A. Malchiodi who conjectured Corollary 1.6. We are grateful to him for sharing his question and insight.
Conical Subspaces
We will make heavy use of the following construction discussed in [1, 3] . For A closed in X, define
This is the space consisting of all configurations with at most n points in X \ A but possibly longer configurations if one of the points is in A. The following is clear
We can extend this definition as follows. 
This is contained in the subspace of configurations in B n+k (X) having at most n points in X − A i . The weighted barycenter spaces ρ B Qr (X) only depend on the homeomorphism type of X. There is a major difference between the cases when the weights w i are smaller or bigger than one. In the former case, the spaces behave like "quotients", while in the latter case they behave like "complements". For instance, consider one singular point p with weight w, and let X be the unit disk
, and the homotopy type depends on the dimension of D. When the weights w i are ≤ 1, it is possible to describe ρ B Qr (X) as a colimit of a diagram of spaces of the form B * (X) or B * (X, p i1 , . . . , p i k ).
There is a colimit decomposition
We can refine this union by only considering the maximal conic subspaces making up the union. As indicated by ([3] , Definition 2.1), B n (X, p i1 , . . . , p ir ) includes in B m (X, p j1 , . . . , p js ) if n ≤ m and {i 1 , . . . , i r } splits into a subset in {j 1 , . . . , j s } and another subset of cardinality ≤ m − n. Here
Qr (X) if it is not contained in a larger conic subspace.
Example 2.4. When r = 1, with a single singular point p of weight 0 < w ≤ 1, then
Example 2.5. Suppose r = 2, p 1 , p 2 having weights w 1 , w 2 . In the case w 1 , w 2 ≤ ρ − [ρ] = ǫ, w 1 + w 2 > ǫ, we can have a configuration of length [ρ] + 1 provided the configuration contains p 1 or p 2 , but no configurations of length [ρ] + 2. This means that
Other descriptions occur depending on the choices of w 1 , w 2 (see section 6).
Remark 2.6. Interestingly, the intersection of conical subspaces is again a union of conical subspaces. For example, in the case r = 2 above,
This fact is crucial when it comes to determining some quotients and some homotopy types.
We next list the main properties for the conic spaces needed in our computation of the Euler characteristic. All spaces below are connected, hausdorff and locally compact.
Lemma 2.7. Assume n ≥ 1. The following hold
Proof. The first claim should be clear. We can write
where p is the preferred basepoint in X/A. Since B n−1 (X/A, p) is contractible we obtain claim (ii). Claim (iii) is a direct consequence of (ii) and the fact that B n (X) is also contractible.
Example 2.8. The case X = U is a closed ball with boundary S m−1 , B p (X) is contractible so that lemma 2.7 (iv) implies that B p (S m ) ≃ Σ(B p−1 (U , ∂U )). This gives that χ(B p (S m )) = 2 − χ(B p−1 (U , ∂U )) and this is 0 if m is odd and 1 if m is even according to (2) . This gives
The Compactly Supported Euler Characteristic
The compactly supported Euler characteristic χ c , sometimes called the "combinatorial" Euler characteristic, is defined for locally compact spaces and has the property that for any union of locally closed strata
This additivity formula for χ c makes it a very computable characteristic. Its drawback is that it is not an invariant of homotopy type. For example when D is a disk, then
We now explain how to compute χ c . We recall that A ⊂ X is "locally closed" if it is open in its closure. Borel-Moore homology can be computed as follows (our main reference is [6] , §2.6, also [7, 10] ). Let X be a locally compact topological space and assume the existence of a compactification X of X such that X \ X is locally closed in X. Then (with field coefficients)
and χ c (X) is the alternating sum of the ranks of these groups. From this we see that for a pair (X, X) as above
The 1 is subtracted to compensate for H 0 .
Remark 3.1. As in [10] , we say that X admits a "BM-compactification" if there is a compactification X of X such that X \ X is locally closed in X. If X is compact, then X = X. If X, Y admit BM-compactifications, then for example one can check ( §2 of [10] )
For disks, the above is consistent with the fact that
The calculation in the next lemma is illustrative of our methods. Recall that a free face or facet of X is any simplex that is not a face of a larger simplex.
m r where m = dim X.
Proof. A facet can be further triangulated so that X − Q r is up to homotopy X with r m-dimensional simplices deleted. This gives χ(X \ Q r ). The formula for χ c follows from the additivity formula of χ c . The point however is to see how to obtain this formula using the definition in (4) . We use the crucial fact, valid in simplicial complexes, that any point p ∈ X has a open neighborhood U , which is a deformation retract, and such that X \ U ∼ = X \ {p}. We say such a neighborhood is "adapted". Replace X − Q r by X − r U i where each U i is an adapted open neighborhood around p i , the neighborhoods do not intersect. A compactification of X − r U i is X − r U i . This is a BM-compactification with difference the boundary r ∂U i . Then
The following elementary properties will be used:
where Σ m is the (reduced) suspension iterated m times. When m is even χ(Σ m X) = χX and when m is odd χ(Σ m X) = 2 − χ(X).
3.1.
Topology. The topology of ρ B Qr (X) can be subtle, especially when dealing with pushouts and compactifications. We make some observations and draw attention to little issues related to the topology of barycenter spaces.
If A ⊂ X is a closed subspace, then B n (A) is closed in B n (X). This is not generally true 
This union is not a pushout or an adjunction space construction ( [2] , section 4.5). Indeed the intersection of both components in the union is B n−1 (X \ A). The union doesn't have the quotient topology of the corresponding adjunction space since there is part of the boundary of B n (X \A) intersecting B n−1 (X, A) and yet not being in the boundary of B n−1 (X \ A). Proof. Observe that for n ≥ 1 (recall B 0 (X) being empty and B 0 (X, A) = A)
and this is closed in B n (X − A). Since X \ A is closed in X, it is thus compact. Thus B n (X − A) is compact and (6) says that it is a BM-compactification of B n (X −Ā) − B n−1 (X −Ā). Qr (X) consisting of all configurations having exactly k singular points p 1 , . . . , p k , and no other singular points. Let's denote this stratum by B n (X − Q r )
This stratum as a subspace of ρ B Qr (X) can be written as
This proof is done through a series of three Lemmas. We recall throughout that B 0 (X) = ∅ and that X * ∅ = X. Lemma 4.1. Let X be a simplicial complex with interior singular points, n ≥ 1. Then
Proof. The key step is in the compactification of B n (X−Q r ). Here we can replace up to homeomorphism B n (X − Q r ) by B n (X − U i ) where U i = U 1 ∪ · · · ∪ U r , and U i 's are adapted pairwise disjoint neighborhoods around the singular p i 's. This space can now be compactified to B n (X − U i ). As pointed out in §3.1, B n (X − U i ) \ B n (X − U i ) is not locally closed in B n (X − U i ). Indeed the configuration t i x i + t n y with y ∈ ∂U 1 in B n (X − U i ) say, and the x i 's in the interior X − U i "degenerates" as t n → 0 to a point in B n−1 (X − U i ), so that B n (X − U i ) \ B n (X − U i ) is not closed in the compactification. One needs to further stratify B n (X − Q r ) or B n (X − Ū i ). Introduce
In this case X n = B n (X − U i ) and X n is a BM-compactification of X n \ X n according to Lemma 3.4. This gives according to (4) that
We need understand the quotient X n /X n \ X n . The difference is
which we recall consists of all configurations 1≤i≤n t i x i ∈ B n (X − U i ) with x i ∈ ∂U j for some j or t i = 0 for some i. We have
by Lemma 2.7
The last identity comes from the fact that when we identify two points in a path-connected space, this is up to homotopy like taking the one-point union with a circle. Finally to get χ c we write
and use the additivity of χ c to obtain that
which when combined with (3) yields the formula.
We can now treat the general case with the number of singular points r ≥ 1. Refer to Example 3.5.
Lemma 4.2. Suppose X as in Lemma 4.1. For k ≥ 2, define as above B n (X − Q r )
• * B k {p 1 , . . . , p k } to be the complement in the join product of the subset B n (X − Q r ) * B k−1 {p 1 , . . . , p k }. Then
Proof. We recall that B k {p 1 , . . . , p k } is the k − 1 dimensional simplex ∆ k−1 and that B k−1 {p 1 , . . . , p k } is its boundary sphere ∂∆ k−1 . We replace as a first step B n (X − Q r ) by B n (X − U i ) with the U i disjoint open disks around the p i s. To compute χ c we need consider
• * B k {p 1 , . . . , p k } so that inductively we have the stratification
where the last two spaces have to be spelled out for k ≥ 2.
. We can rewrite X n for n ≥ 1
so that from the definition of χ c we have
According to Lemma 5.10 of [1] , and for k ≥ 2, this is
A similar formula holds for n = 1. On the other hand and for n = 0
Adding both expressions in (9) and (10) for 0 ≤ i ≤ n we obtain
and this is −(−1)
k n−χ+r n as desired.
The lemma below asserts that Lemma 4.2 holds for k = 1 as well.
Proof. Again passing to homeomorphic spaces, we wish to compute χ c of B n (X − U i )
• * p, with notation as in the proof of the previous lemma. We can follow the same steps as in that proof, or we can use the calculation in Remark 3.1. We will follow the second route, with X = p. Here again X − U i has a BM-compactification X − U i , but B n (X − Q r ) doesn't necessarily have a nice BM-compactification when n ≥ 2, we consider instead B n (X − U i ) − B n−1 (X − U i ) (Lemma 3.4). Let's write
Since χ c (Y * p) = 1 if Y has a BM-compactification as pointed out in Lemma 3.4, and χ c (Y * p − p) = 0, we see immediately that only the last two terms contribute to the computation of χ c and we have
where the last term is obtained from Lemma 4.1.
Proof of the Main Theorem.
We finally derive the formula of Theorem 1.1, with hypothesis as in that theorem and singular points p 1 , . . . , p r .
Proof. The key point is to write ρ B Qr (X) as the disjoint union of subspaces
• * − is empty if i < 0. In this disjoint union, notice that if p i has weight w i ≤ ρ, then it appears in the term
• * p i so everything is accounted for, and the union is indeed ρ B Qr (X). These subspaces are generally not locally closed and so do not form a stratification in our sense. They are however themselves stratified further into locally closed strata as indicated clearly in the proofs of lemmas 4.1, 4.2 and 4.3. We can then use the additivity formula for χ c and the computations in these previous lemmas to conclude. Qr (X) is compact, and χ( ρ B Qr (X)) = χ c ( ρ B Qr (X)) is given by the formula in Proposition 4.4.
Barycenter Spaces of Disconnected Spaces
We first observe that the Euler characteristic of B n (X) only depends on χ = χ(X), and not on the number of components.
Proposition 5.1. If X has a finite number of components, then χB n (X) = 1 − n−χ n for n ≥ 1.
Proof. For n = 1 there is nothing to prove. Assume n ≥ 2. The proof proceeds by induction on the number of components. The formula is true for connected spaces [9] . Write X = Y ⊔ A where A is a connected component. We can then assume the theorem is true for Y . Pick p 1 ∈ Y and p 2 ∈ A, and consider the subspace B n (X, {p 1 , p 2 }) of all barycenter configurations containing either p 1 or p 2 . This is then a union B n (X, {p 1 , p 2 }) = B n (X, p 1 ) ∪ B n−1 (X, p 2 ), and these spaces intersect along the subspace B n (X) ∪ B n (X, p 1 , p 2 ) (recall that B 0 (X, p 1 , p 2 ) = B 2 ({p 1 , p 2 }) which is an interval). Since both spaces B n (X, p i ) are contractible, their union has the homotopy type of the suspension of their intersection and we have
by Lemma 2.7, (ii)
Note that Y ∨ A has one component less that X. Taking Euler characteristics gives that
On the other hand
The yields
and the proof is complete.
A combinatorial proof of Proposition 5.1. We know that the homology of B k (X) only depends on the homology of X (a fact more general than Euler characteristics) [9] . The following shows that this is true for disconnected spaces as well.
Theorem 5.2.
[1] Suppose X = A ⊔ B is the disjoint union of spaces (not necessarily connected). Then for k ≥ 2, B k (A ⊔ B) has the same homology as
Example 5.3. We can describe some homotopy types of some barycenter spaces of disjoint unions:
(1) When k = 2, B 2 (A ⊔ B) has actually the homotopy type of
(2) When one of the components is contractible, say B ≃ p, then
This last equivalence follows from the fact that we are attaching a cone on B n−1 (A) which is itself contractible in B n (A).
(3) For k ≥ 2, it is not hard to check that there is a homotopy equivalence
which is in fact the decomposition in Theorem 5.2 obtained at the level of spaces (4) It is not always true that when the components are contractible, B k (X) is also contractible for k ≥ 2. This only happens when k is larger (or equal) to the number of components. In fact, if X = [n + 1] is a set consisting of n + 1-vertices, then B k+1 ([n + 1]) is the k-th skeleton of n-dimensional simplex ∆ n , and thus is a bouquet of spheres
which is the notation for a bouquet of that many spheres. This we can recover iteratively as follows (1)
We now derive Proposition 5.1 from Theorem 5.2 easily as follows. By taking χ of the wedge decomposition in the theorem, we find that
The term "−2k" accounts for the wedge points being counted multiple times. We can set χ 1 = χ(A) and χ 2 = χ(B) and proceed by induction. Replacing binary coefficients in the above expression we get the identity
The last identity can be verified directly, or found in [8] , formula (1.78). This completes the proof of Proposition 5.1.
Euler characteristic of ρ B Qr (X) for X disconnected. We extend the previous computation to the barycenter space with singular weights. Here too we show that the final answer doesn't differ from the connected case. Starting with the stratification of ρ B Qr (X) in (11), valid for disconnected X, we follow the steps in the proof of Lemma 4.2 and Lemma 4.3. Only one step needs to be modified which is the identification for X connected
This is no longer true if X is disconnected. The correct identification in that case is given by the following lemma
A i with r i of the singular points in A i , r 1 + . . . + r q = r. Wlog suppose r 1 = 0, . . . , r s = 0, and r s+1 = . . . = r q = 0. Then
Note that if s = q and every component contains a singular point, then this quotient is connected.
Proof. Each component with r i singular points contributes a bouquet ri−1 S 1 in the quotient. Now every wedge looses a vertex so for every wedge factor, χ (quotient) gets substracted by 1. Finally χ(X) = χ(A i ). The rest is immediate.
Theorem 5.5. Theorem 1.1 is true if X is disconnected.
Proof. As in the proof of Lemma 4.2, we use the same stratification X n for the stratum B n (X − Q r )
• * B k {p i1 , . . . , p i k } of ρ B Qr (X). The computation yielding to (9) gives that
But according to Lemma 5.4 and Proposition 5.1, this is given by χ c (X n ) = −(−1) k n − χ + r − 1 n which is the same as in the connected case. The rest of the argument runs as in the proof of Proposition 4.4.
The Case of Two Singular Points
Interestingly, the distribution of the singular points among the components doesn't affect the Euler characteristic, but it does greatly affect the homology. We analyze completely the various homotopy types (depending on weights) of the space ρ B Q2 (X) with X having at most two connected components (this can easily be extended to any number of components). Proposition 6.1. Suppose X is connected, 0 < w 1 ≤ w 2 ≤ 1. Write ρ = n + ǫ, 0 ≤ ǫ < 1. Then ρ B Q2 (X) can have the following homotopy types:
(1) contractible, if 0 < w 1 + w 2 ≤ ǫ.
(2) ΣB n (X ∨ S 1 ), if w 1 ≤ ǫ, w 2 ≤ ǫ, w 1 + w 2 > ǫ. Proof. We will set [ρ] = n. Case (1): this is the case when ρ B Q2 (X) ≃ B n (X, p 1 , p 2 ) which is contractible. Case (2): this is the case when ρ B Q2 (X) = B n (X, p 1 ) ∪ B n (X, p 2 ). This union was worked out in the proof of Proposition 5.1 and is of the homotopy type of ΣB n (X/p 1 ∼ p 2 ) ≃ ΣB n (X ∨ S 1 ). Case (3): this is the case ρ B Q2 (X) = B n (X, p 1 ), and is contractible. Case (4): this is the case ρ B Q2 (X) = B n (X) ∪ B n−1 (X, p 1 , p 2 ) which is up to homotopy B n (X ∨ S 1 ). Case (5): This is immediate.
Turning to the disconnected case, we can write X = A 1 ⊔ · · · ⊔ A q as a disjoint union of non-empty connected components. As before Q r = {p 1 , . . . , p r } are the singular points with weights w 1 , . . . , w r . Let's write 
